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The object of this investi~ation is to provide a simole means 
of determining the heat transfer from a flat plate which has an 
unheated leading length x0• The case of steady, two-dimensional, 
laminar flow of an incompressible fluid with a Prandtl number of less 
than one is considered. Since there exists an unheated length and 
the Prandtl number of the fluid is less than one, the thermal boundary 
layer intersects the flow boundary layer. Thus, the solution of the 
problem divides into two regions. 
In this study, the problem is solved analytically by employing 
the energy integral equation. The temperature profile and velocity 
profile of the fluid are expressed using both linear and cubic polyno-
mials. When the thermal boundary layer is outside the hydrodynamic 
boundary layer, the integration is performed in two operations. 
The result obtained from the energy integral equation by substi-
tuting both the temperature and velocity profiles is a first order, 
non-linear differential equation. The solution of this differential 
equation for the cubic profile case is rather comPlicated and tedious. 
However, curves are provided which give the appropriate parameters of 
the final results. The local and average convective coefficients can 
then be deduced based on the solution of this differential equation. 
The results from this investigation are compared with those of other 
investigators for several special cases. An excellent agreement is 
obtained between the two sets of results. It is found that signifi-
cant errors may occur if previous solutions for special cases are 
employed for the general situation. 
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NOMENCLATURE 
a - constant defined by equation (8), 2C1/PrC2 
- constants in equation (25) 
- constant in equation (3) 
- constant in equation (6) 
c3, c4 , c5, c6 - inteqral constants in eauations (16), (18), (21), 
and (24) respectively 
c, o, E, F, G - constants in eauation (26) 
f(c) - function of c, eauation (4) 
f'(c) - first derivative of f with respect to c 
hx - local convection coefficient, equation (14) 
.... 
h - averaqe convection coefficient, eauation (14a) 
~ - average convection coefficient in re~ion 2, equation 
(30) 
~ - averaqe convection coefficient in reqion 3, equation 
(35) 
hlx1 - average convection coefficient for L • x1 
k - thermal conductivity 
L - length of the plate 
Nux - local Nusselt number, hxx/k 
.... 
Nu averaqe Nusselt number, h(L-x0)/k 
.... 
Nu2 - average Nusselt number in reqinn 2, h2(L-x0)/k 
.... 
Nu3 - average Nusselt number in region 3, h3(L-x0)/k 
Nu1x1 - averaqe Nusselt number for L • x1 
Pr - Prandt1 number, v/a 







• local Reynolds number, u.x/v 
- temperature distribution within the thermal boundary 
layer 
- constant free stream temperature 
- velocity distribution within the hydrodynamic 
boundary layer 
• constant free stream velocity 
- axial coordinate of the plate 
- unheated leadfnq lenqth of the plate 
- location where the thermal boundary layer intersects 
the hydrodynamic boundary layer 
- transverse coordinate of the plate 
- thermal diffusiv1ty 
- ratio of thermal boundary layer thickness to 
hydrodynamic boundary layer thickness 
- two real roots of equation (25) 
• hydrodynamic boundary layer thickness 
- thermal boundary layer thickness 
- temperature difference, T{x,y) - Tw 
• temperature difference, T.- Tw 
- kinematic viscosity 
- function of t defined in equation (9) 
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I. INTRODUCTION 
The need for accurate values of convective heat transfer coeffi-
cients finds many industrial applications, such as in the problem of 
coolinq gas turbine blades, heat transfer of liouid metals in nuclear 
power plants, etc. The exact mathematical solution of the boundary 
layer equations and the approximate analvsis of the boundary layer by 
integral method are two technioues which are often employed to esti-
mate the convective heat transfer coefficient. Althouah this investi-
gation is primarily concerned with the latter method, some backoround 
related to the exact solution of the boundary layer equations is 
appropriate. 
Exact analysis of the bounda~y layer requires the simultaneous 
solution of the partial differential equations describino the fluid 
motion and the transfer of eneroy fn a movina fluid. In some cases, 
it is difficult to solve the partial differential equation mathemat-
ically. Furthermore, many exact solutions require considerable numer-
ical effort to obtain the answer after the formal analysis is completed. 
For example, consider the convective heat transfer problem for a flat 
plate with uniform wall temperature in laminar flow and with zero 
angle of attack. This classic problem was solved bv E. Pohlhausen (1) 
usina a similarity transformation which yields the exact solution. 
The solution of this basic problem is difficult to evaluate in both 
the range of high and low Prandtl numbers. Fisher and Kundsen (2) 
overcame this difficulty by evaluatino the intearal associated with 
Pohlhausen•s solution by dividina the intearation into two parts. 
They worked out the second part of their computation by means of qra-
phical integration. 
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Scesa and Levy (3) used the boundary layer equations to approach 
the problem of wedge flow over a plane wall with stepwise wall temper-
ature. They assumed exponential functions for the temperature and 
velocity distributions. The solution of the boundary layer equations 
for the case of a flat plate with an unheated leading length was ob-
tained by simplifying their results for the wedge flow case. The 
accuracy of their solution for the flat plate with an unheated leadinq 
length diminishes considerably for Prandtl numbers less than 0.7. 
Morgen, Pipkin, and Warner (4) for the case of very low Prandtl 
number utilized the free stream velocity as the velocity distribution. 
Their solution of the boundary layer equations included the viscous 
effect. The flat plate with unifonm wall temperature is a special 
case of their solution. The basis of their analysis is the assumption 
that the hydrodynamic boundary layer is much thinner than the thermal 
boundary layer. Naturely, the precision of their solution increases 
as the Prandtl number decreases. 
As previously mentioned, an alternative to the exact solution of 
the boundary layer equations is the approximate analysis of the 
boundary layer by the integral method. This method of approximating 
the velocity and temperature distributions yields a solution which is 
usually quicker and simpler than the exact solution of the boundary 
layer equations. The technique in general is not only applicable to 
laminar flow but also to turbulent flow. 
This approximate method was first devised bv K. Pohlhausen {1) 
in 1921. He obtained the hydrodynamic boundary layer thickness by 
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substituting a fourth order polynomial for the velocity profile into 
the momentum inteqral equation. Squire (1) employed Pohlhausen's 
approximate method by also postulatinq a fourth order polynomial for 
the temperature distribution inside the thenmal boundary layer. For 
convenience of computation, he introduced the parameter c which is 
defined as the ratio of the thermal boundary layer thickness 6t to the 
hydrodynamic boundary layer thickness 6 and which can be found from the 
energy integral equation. As soon as c is found, the temperature is 
known. This method is not only suitable for flat plate flow but also 
for wedge flow at arbitrary values of Prandtl number. Squire's solu-
tion is restricted to the case of constant wall temperature. 
The case of a flat plate with an unheated leading length for 
Prandtl number greater than unity in laminar flow was investigated by 
Eckert {5). He assumed a cubic parabola for the velocity and temper-
ature profiles. The convective heat transfer coefficient which 
results from the energy integral equation is in a very simple form. 
The case of uniform wall temperature for flat plate flow is a special 
case of his solution. This approach has an error of about 8 per cent 
as compared with the exact solution. Beyond doubt, the inteqral 
method gives results which are within the accuracy necessary for most 
engineering applications. 
Other researchers have concentrated their efforts on the case of 
very low Prandtl numbers (Pr<<l), as in the range of liquid metals 
(0.002<Pr<0.03). The uniform wall temperature case with the Prandtl 
number of the fluid far below unity was investiqated by Sparrow (6). 
He made use of the Karman-Pohlhausen type of inteqral equation plus 
cubic polynomial profiles. Then, he took 6t/6 as a constant, i.e., 
ot/o independent of location, and divided the integration of the 
energy inteqral equation into two parts. 
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Rubesin (7) considered a flat plate in which the thermal bound-
ary layer started in the rear of the hydrodynamic boundary layer. He 
hypothesized a linear velocity and temperature profile and qave the 
solutions for both laminar and turbulent flow usinq the enerqy inte-
gral equation. He discussed laminar flow for both the cases of 
Prandtl numbers qreater than 1 and less than 1. In the case of 
Prandtl numbers less than 11 he set the minimum Prandtl number no less 
than 0.7, which is in the ranqe of qases. He analyzed the influence 
due to that part of the thermal boundary layer which is outside the 
hydrodynamic boundary layer. Since the ratio ot/o is less than 1.14 
(for Pr = 0.7 , ot/o = 1.14), he did not separate the inteqration of 
the energy integral equation into two portions. That is, he did not 
perform the first portion of the inteqration from 0 to o usinq the 
linear velocity profile and the second portion from o to ot usinq the 
free stream velocity. Consequently, his solution can not apply to 
fluids which have Prandtl numbers lower than 0.7. 
In summary, the previous investiqations concerninq laminar flow 
over a flat plate with an unheated leadinq lenqth, such as the solu-
tions of Scesa and Levy (3), Eckert (5) and Rubesin (7), are not 
applicable if the Prandtl number is less than 0.7. The analyses of 
Pohlhausen (1) 1 Morqan, Pipkin and Warner (4), Squire (1) and Sparrow 
(6) are applicable for very low Prandtl numbers, but do not include 
an unheated leadinq length. 
The present investigation will consider the case of laminar flow 
with an unheated leadinq lenqth for Prandtl numbers less than unity, 
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without the restriction of very low values of Pr. It appears that the 
integral method has not been previously applied to this situation. 
The case of zero angle of incident will be considered. The enerqy 
integral equation is adopted instead of the enerqy boundary layer 
equation in order to avoid solving high order nonlinear differential 
equations. It is anticipated that this method will reveal a simple 
solution which can be evaluated readily for enqineerinq application. 
Both linear and cubic polynomials are selected for the velocity and 
temperature profiles. The properties of the fluid are postulated as 
constants. 
II. FORMULATION OF THE PROBLEM 
A flat plate with zero anole of incidence in steady, two-dimen-
sional laminar flow is shown in Fioure 1. 
y 
Figure 1: Geometry of the Flow Problem 
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A constant property Newtonian fluid with Prandtl number less than 
1 approaches the plate with a free stream velocity uw and a free 
stream temperature T~. The lenqth x0 from the leadinq edqe of the 
plate remains unheated. Startino from x , the plate is maintained at 
. 0 
a constant wall temperature Tw which is different from Tw• The hydro-
dynamic boundary layer thickness and thermal boundary layer thickness 
are represented by o and ot respectively. Because the Prandtl number 
of the fluid is less than 1, the thermal boundary layer thickness 
qrows faster than the hydrodynamic boundary layer thickness. At a 
distance x1 from the leadinq edqe of the plate, the thermal boundary 
layer meets the hydrodynamic boundary layer. That is, the thickness 
of the two boundary layers is equal at x1• The symbols T and u stand 
for the temperature and axial velocity distributions inside the ther-
mal and hydrodynamic boundary layers, respectively. The ratio of the 
thermal boundary layer thickness to the hydrodynamic boundary layer 
thickness 6t/o is not a constant but is a function of x. To simplify 
the mathematical expressions which follow, it is convenient to intro-
duce a new parameter z; = ot/6. Since the thermal boundary layer 
starts at the rear of the hydrodynamic boundary layer and the rate of 
qrowth of thermal boundary layer is faster than that of the hydro-
dynamic boundary layer, three regions of interest can be differenti-
ated: 
Region 1, T(x,O) = Too, 0<x<x0 • Since the temperature of the 
surface of the plate equals the free stream temperature, there is no 
heat transfer and the thermal boundary layer has zero thickness. 
Reqion 2, T(x,O) = Tw• x0 <x~x 1 • In this reoion the temperature 
of the surface of the plate is eaual to Tw and ot/6 is less than 
unity. 
Region 3, T(x,O) = Tw• x~x 1 • This reaion is similar to reoion 2 
except 6t/6 is oreater than unity. 
In region 2, the inteqration of the eneroy inteqral equation is 
carried out directly from 0 to ot• In reqion 3 the intearation must 
be divided into two parts. The first inteqration employs the varied 
flow velocity and is executed from 0 to o; the second intearation 
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employs the constant free stream velocity and is performed over the ranqe 
from 6 to 6t. 
It is observed that in Figure 1 there is a discontinuity in the 
thermal boundary condition at x0 ; that is, the temperature of the 
plate jumps from T. to Tw• Any problems associated with this discon-
tinuity may be avoided by employing the boundary condition 
This boundary condition will be used in the solution for ~ in region 
2. 
The momentum and energy integral equations for the case of 







d J t aT I ax u(T~·T)dy = a~ 1 
0 y=O 
{2} ' 
where v is the kinematic viscosity and a is the thermal diffusivity. 
The limitations to the use of equation {2} are that the enerqy dissi-
pation due to friction and the effects of compressibility of the flow 
are both neqligible. 
To render the boundary conditions homoqeneous and to simplify the 
temperature profiles. it is helpful to define e and ew as. 
and 
e = T-T w 
e • T -T • ~ ~ w 
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After replacing T by e, equation (2) can be written as 
~ 
d J t ae I Tx (utu.>O-ete.)dy • <tiir> ry . (2a) 
0 CIO 00 y::aQ 
The velocity and temperature profiles are derived by assuminq a 
polynomial and solvinq for the coefficients of the polynomial usinq 
the appropriate boundary conditions. If linear profiles are postu-
lated, the result is 
u/u110 • y/6 , 
and 
eta. = y/ot • 
For the cubic profile postulate, the profiles are 
u/u • (3/2)(y/o) - (l/2)(y/o) 3 • 
00 
and 
The details of the development of these profiles are provided in 
reference (5). The next section treats the solution of the problem. 
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III. METHOD OF SOLUTION 
In this section, the method of solution of the problem b,v means 
of the eneroy inteoral equation will be oresented. The procedures of 
the mathematical operations are similar for both the linear and cubic 
profiles. For this reason, a oeneral method of solution will be des-
cribed first. This qeneral method will be specialized for both the 
linear and cubic profile cases to obtain the solution. 
A. General Analysis of the Solution 
The hydrodynamic boundary layer thickness 6 can be obtained as a 
function of x by employino the momentl.IYI inteqral eouation. The result 
for o can be presented in the form 
(3) 
where c1 is a constant which depends uoon the velocity profile emoloyed. 
The values of c1 for the linear profile case and the cubic orofile case 
are oiven, respectively, in Tables I and II at the end of this analysis. 
The eneroy inteoral formulation can be considered after the de-
termination of o. The inteoration of the left-hand side of eouation 
(2a} yields a function of o and ot. Since o is known, ot can be 
replaced by a product of ~ and o to make mathematical ooerations 
easier to handle. The inteoration of the left-hand side of equation 
(2a) can be expressed in the form 
ot 
of( d :r J ( u/uoo) (1-eteoo)dy • 
0 
(4) 
where f(~) is a function of ~ which is dependent upon the reoion of 
11 
interest (Reqion 2 or Reqion 3) as well as the type of profile which 
is assumed. The right-hand side of equation (2a) may be expressed as 
a a a I a c2 u- ry(·r) ·u- ~· (5) 
~ ~ 0 00 y• 
The constant c2 chanqes its values when di~ferent profiles are 
employed. Both c2 and fare listed in Tables I and II. 
By employing equations (4) and (5), equation (2a) reduces to 
d r;c5 ax (of) • c2a/U00 , 
which, on substitution for o, becomes 
After rearranqinQ and replacinq v/a by the Prandtl number, Pr, 
equation (6) assumes the form 
r;df + dx • 0 
r;¥-(2t2)/(Prt1) ~ • (7) 
and 
In order to simplify equation (7), it is convenient to define 
a • (2C2)t(PrC1) • 
f' df 
• 'Cir • 
where a is a function of the Prandtl number and the type of prof11 e. 
The notation f' is the derivative of f with respect to r;. Substitu-
tion of a and f' into equation (7) yields 
~ dx ~·-rx· (8) 
Equation (8) is a first order non-linear ordinary differential equa-
tion. The result of inteqratinq the riqht-hand side of eouation (8) 
is a simple logarithm function of x. This leads us to assume that the 
left-hand side of equation (8) is also a simple loqarithm function. 
The function ~(r,;) 1s defined by the equation 
dlln~(r,;)J • ~t~~r; . 
Introducina equation (9) into eouation (8) yields 
12 
(9) 
d[ln~(r,;)J • - (1/2) d(lnx) • (10) 
This first order non-linear differential equation which results from 
the successive simplifications outlined above, can be easily solved. 
In different reaions, there exist different functions ~(r,;) and differ-
ent inteqral limits which are applicable to eQuation (10). Therefore, 
it is necessary to discuss the intearation of equation (10) for reaion 
2 and for reqion 3 separately. 
In reqion 2, the inteqral limits of the riaht-hand side of 
eauation (10) are from x0 to x where x is areater than x0 and less 
than or equal to x1• Correspondinaly, the inteoral limits of the 
left-hand side of eauation (10) are from 0 to r,; since r,; enuals zero 
when x • x0• Thus, 
or 
r,; X j0 d(ln~) • - (1/2) J d(lnx) , 
xo 
(11) 
This is the relationship between r,; and x in reqion 2, i.e., the solu-
tion of equation (8) in reaion 2. The value of r,; in equation (11) 
correspondinq to a location x is alwavs less than or eoual to unity. 
This is because the thermal boundary layer in this renion is thinner 
than the hydrodynamic boundar.v laver. When r,; eouals unity, the 
corresponding location x • x1 is the junction of the two boundary 
layers. letting t in equation (11) equal 1 gives. 
13 
(12) 
The expressions for x1tx0 for both the linear and cubic profile cases 
are given in the Appendix. 
The boundary condition of the solution of equation (8) in region 
3 is· t • 1 at x • x1• The value of x1 can be obtained from equation 
(12). This is employed as the lower limit of the inteqration of 
equation (10). Thus, 
which results in 
I'; 





x1tx • [t(t)/t(l)J 2 • x~x 1 • (13) 
The value of x in equation (13) is qreater than or equal to x1 and t 
is always qreater than or equal to 1 because the thermal boundary 
layer overtakes the hydrodynamic boundary layer at x1• Equation (13) 
is the solution of equation (8) in reqion 3. After the determination 
of equation (11) or (13), the value oft can be expressed analytically 
in terms of x and the Prandtl number. As soon as t is known. the tem-
perature distribution inside the thermal boundary layer can be found. 
The local convective heat transfer coefficient hx can be calculated by 
using the equation 
• 
(14) 
Following the determination of the local convection coefficient. the 
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-average convective heat transfer coefficient, h, can be defined as 
L 
- 1 J h • (t-xo> hxdx • 
xo 
(14a) 
where the symbol L is the total lenqth of the plate. 
Tables I and II list the constants and the functions which appear 
in the previous equations for the reqi ons 2 and 3. 
Table I 
Constants and Functions Applicable to Reqion 2 
linear profile cubic profile 
c1 12 280/13 
c2 1 3/2 
f(r,:) r.2/6 (3/20)r,:2(1-r.2/14) 
a 1/(6Pr) 39/(280Pr) 
Table II 
Constants and Functions Applicable to Reqion 3 
linear profile cubic profile 
c1 12 280/13 
c2 1 3/2 
f(r,:) 1 (r.-1- '!e")/2 3(r_-l)/8+3/(20r,:)-3/(280r,:3) 
a l/(6Pr) 39/(280Pr) 
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B. The Derivation of ~(~) 
In this part of section III, the functions ~(t) for reQion 2 and reqion 
3 will be derived for both the linear and cubic profiles. The func-
tions ~(t) for the linear profile case can be derived exactly with no 
approximations or simplifications. The cubic profile case present 
more mathematical difficulties. 
1. Linear Profile 
a. Reqion 2. The inteQration of equation (9) is 
ln~(t) • J ~;~~t + Constant • (15) 
The terms a and f (t) can be obtained from Table I and f'(t) is the 
first derivative of f(~) with respect to t. After introducinQ a. f 
and f' into equation (15), the expression becomes 
(16) 
where lnC3 is the constant of inteQration. This equation can be inte-
qrated directly; the result for the riqht-hand side of equation (16) 
is lnC3(1/Pr-t3)213• Thus. 
Note that c3 will be cancelled when equation (17) is inserted into 
equation (11). 
(17) 
b. Region 3. In a similar manner. one can utilize equation 
(9) and insert a. f and f' from Table II. The result is, 
ln~(t) • J (3t·1/))d) + lnC4. (18) 
Jt2-3t-(1·1/Pr) , 
16 
The integrand of the riqht-hand side of equation (18) can be reduced 
by the method of partial fractions to 
(19) 
where 
P • 1/Pr - 1 • (19a) 
Substituting equation (19) into equation (18) and carryinq out 
the integration. one can find an expression for ~(t) with Prandtl 
number. Pr. as a parameter. Thus. 
Thus. 
t(t) • C4tPr/(1-Pr)[3t2·3t-(Pr-l)/Pr1(2Pr-l)/(2Pr-2) 
• t2t-1-/t4-Pr)/(3Pr)~ 13Pr/(4-Pr)/(2-2Pr). 
2t-1+/(4-Pr)/(3Pr) 
2. Cubic Profile 
(20) 
a. Region 2. Applyina equation (9) and usina Table I aives 
(21) 
4 2 ln~(t) • (2/3) J (6t •42t )dt + lnC • (22) 
t 5-14t3+13/Pr 5 
Since t ~ 1 in reqion 2, the numerator can be approximated by 
6t4-42t2 = sr;4-42r;2 with little loss of accuracy. The maximum error 
in this approximation occurs at r; = 1 and is about 2.8 per cent. When 
r; is less than 11 the per cent error is less than this amount. 




b. Region 3. 6mployfng equation {9) and following Table II 
gives 
lnt(~) =-{1/2) J {2~4·4)2/5+6/35)d~ + lnC -~5+~4+(13/{35Pr)-2/51~3+~/35 6 • 
If Pr < 13/14. the value of 13/(35Pr)-2/5 is always positive. 
According to Descartes• rule (a). the polynomial 
-~4+~3+[13/(35Pr)-2/51~2+1/35 
{24) 
has one positive and one negative root. This also can be demonstrated 
by numerical methods. The two roots are ~iven in Figure 2. The deno-
minator of the right-hand side of equation (24) can then be factored 
as 
~{-~4+~3+[13/(35Pr)-2/51~2+1/35} • ~(-~2+A~+B){~-~2 )(~-~3 ) • (25) 
where ~2 and ~3 are the two real roots of the polynomial 
-~4+~3+[13/(35Pr)-2/51~2+1/35 • 
The two constants A and B can be solved from eQuation (24) by compar-
ing corresponding tenms on both sides of the equation. This results 
in 
and 
The integrand of equation (24) can now be reduced by the method 
of partial fractions using equation (25). This operation yields 






























































































A set of five equations in terms of C, D, E, F, and ~ can be 
obtained by expanding equation (25) in the usual manner. The set of 





















The five equations represented above were solved bv elimination to 
qive the five constants C, D, E, F, and G in terms of the Prandtl 
number. The result is 
G • D-8-F • 
Since z; 2, z; 3, A, and B are functions of Prandtl number only, the 
19 
20 
constants C, D, E, F, and G are also functions of Prandtl number. The 
accuracy of the above equations from which C, D, E, F, and ~ are 
defined has been examined by the numerical scheme of Gaussian elimina-
tion (9) for the matrix. The maximum deviation for the two different 
methods of evaluating C, D, E, F, and G is less than 2 per cent. A 
qraph of C, D, E, F, and G versus Prandtl number is presented in 
Figure 3. 
Havinq obtained the appropriate constants, the inteqration may 
now be performed. Incorporatinq equations (24) and (26), one has 
( ) 1 f ( C D+E F G ) ln~ l;; ·-~ r + 2 + t="t + r=e- dl; + lnC6 • 
•l;; +Al;;+B 2 3 
Because -l;2+Al;;+B has two complex roots, the 1nteqration 
f (Dl;+E)dl; 
-l;2+Al;;+B 
always yields the tan·1 term. Perfonminq the renuired inteqrations 
and combininq qives 
~(l;;) • 
Now the equations (17), (20), (23), and (27) represent the different 
~(l;;) functions for the different cases. Those equations are ready to 
be introduced into equation (11) or (13) to proceed with this convec-
































































































































c. The Method of Calculatinq the Average Convective Heat Transfer 
Coefficient 
22 
In this part of section III, the averaqe convective heat transfer 
coefficient, h, defined by eauation {14a) will be obtained. In the 
case of the linear profile in reaion 2, the parameter c can be ex-
pressed in terms of x explicitly; therefore, h can be intearated ana-
lytically. However, for reqion 3 of the linear profile case, c is an 
implicit function of x. Equation {14a) is thus difficult to execute 
analytically for the later cases. For those cases in which h can not 
be derived analytically, a numerical method will be employed to carry 
out the inteoration. 
1. linear Profile 
a. Reaion 2. x0<L~x 1 • In this case the lenath of the 
plate L can not be areater than x1 nor less than x0 • By emoloyina 
equation {14) and incorporatina the linear temperature profile, one 
has 
k 
hx • ~ (28) 
Next introduction of equations {11), (17), and (3) into equation (28) 
aives 
(29) 
The convective heat transfer coefficient in reaion 2 is defined as 
l 
h =l J h dx • 2 {l•XoJ X 
xo 
(30) 
After equation (29) is substituted into equation (30) and the 
23 
integration is performed, there results 
(31) 
The details of the inteqration of equation (30) are described in the 
Appendix. 
It is convenient to express equation (31) in terms of dimension• 
less quantities. If one defines 
(32) 
as the averaqe Nusselt number for a flat plate with an unheated lead-
ing lenqth x0 in which the total lenqth of the plate L is between x0 
and x1, equation (31) can be written as 
Nu2/Rel112 • o.577Pr1' 3rl-(x0tL) 314J213 , x0<L~x 1 , (33) 
where Rel = uml/v is the Reynolds number. 
b. Re~ion 3. L~x 1 • In reqion 3, the lenqth L of the elate 
is greater than or equal to x1• From equation (14a), the convective 
heat transfer coefficient is qiven by 
L 
J hx dx , 
xo 
(~} 
where h3 denoted the avera~e convection coefficient when the lenoth of 
the plate extends into reqion 3. Because oart of the plate is in 
region 2, equation (~} can be written as 
or 
L 
hx dx + ~(c~-~!-0~) J hx dx , 
x1 
24 
- ( xl-xO) - / 1 J L 
h3 • (l-xo> h2 xl + ~(L~--x-0¥) hx dx • 
xl 
(35) 
where h2 lx1 is the value of~ from equation {31) evaluated for a 
length of plate length equal to x1• A convenient dimensionless group 
is 
where the notation Nu3 represents the average Nusselt number for a 
length of plate which extends into reaion 3, By introducinQ equations 
(35), (3), and (28) into equation (36), one obtains 
Nu /Re l/2 • 3 L 
where 
Relxl • uooxl/v • 
The function in equation (37) can not be exoressed in terms of x. 
L 
Instead of inteqratinq J dx/(i';IX} analytically, a numerical method 
xl 
using the trapzodial rule is employed to complete the integration. 
2, Cubic Profile 
a. Region 2. x0<L~x 1 • 
cubic temperature profile one obtains 
From equation (14) and the 
hx • 3k/(2z;;o) • (38) 
In region 2, h2 1s qiven by equation (30). After employino eauation 
(14) and subst1tutinq for ~. there results 
L 
h'2 • 0.323 L~xo (uJv>1' 2J 
xo 






Nu2/Rel1' 2 • o.323/L1' 2J ~ , x0<L~x 1 • (39) 
X r;IX 
0 
The trapzodial rule of numerical inteoration is used to inteorate 
equation ( 39). 
b. Region 3. L~x 1 • The equation which results by com-
bining equations (35) and (38) is 
or 
Nu /Re 1/2 • 0.323 
3 L Ll/2 
X l 
rJ 1 ~ + J ~ J, L~x 1 • 
X r;IX X tli 
2 1 
(40) 
One can evaluate equation (40) by usinq numerical methods similar to 
that for eouation (37). 
D. The Special Case of xo/x Approachinq Zero 
The special case of x0/x approachino zero is discussed in this 
section. If x0/x is very small, either reoion 2 is very small or xis 
very large. If region 2 is very small, one has the case of a plate 
with a unifonm wall temperature; if x is very laroe, the value of r; 
becomes a constant for a o1ven Prandtl number as x approaches infinity. 
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As x0tx approaches zero, equation (13) will dominate the convective 
heat transfer problem. If x0/x approaches zero, equation (12) implies 
that x1tx approaches zero also. Since ~(1) in equation (13) is finite 
for both the cubic and 1i near profi 1 es, it is necessar.Y that 
(41) 
where the notation ~(~)1 3 represents the function~(~) in reoion 3. 
1. Linear Profile. For the linear profile, eouations (20) and 
(41) imply that 
or 
2~-1-[(4-Pr)/(3Pr)J 1 1 2 • 0 • 
The roots of equation (42) are 
c = 1/2±[(4-Pr)/(12Pr)J 112 , 
and the root of equation (43) is 
c • 1/2+[(4-Pr)/(12Pr)J 112 • 
(42) 
(43) 
The root c=1/2-[(4-Pr)/(12Pr)J 112 can be omitted because it has a 
negative value for sufficientl.Y low Prandtl numbers and would violate 
physical meanino. The other root of equation (42) is identical to the 
root of equation ( 43). Thus, 
c • 1/2+[(4-Pr)/(12Pr)J 112 • 
2. Cubic Profile. For the cubic rrofile, the values F and G 
are always neQative and Dis always rositive (see Fi9ure 3), 
( 44) 





~-~3 • 0 • 
Since ~ cannot be a complex number, the equation, 
-t2+At+B • 0 • 
is not the correct relation to yield t 1 accordina to the analysis 
of equation (28). From Fiqure 2, it is known that ~3 is neqative and 
~2 is positive. Therefore, t 3 is not the solution. The correct 
solution is 
{45) 
One can obtain the heat transfer coefficient from eouation (44) 
or (45) for the case of x0/x aoproachina zero. For the flat plate 
with a unifonm wall temperature, it is beneficial to define 
Nu • X 
hxx 
tc 
to compare with the results from other references. The notation Rex 
represents ~/v. For the linear profile case, one can combine 
equations {44), (28) and obtain 
Nu /Re 112 = 1/[/!+1(4-Pr)/Prl • X X (46) 
For the cubic profile case, one can combine e~uations {38) and (45) to 
qive 
Nux/Rex1' 2 • 0.323/~2 • {47) 
where t 2 is the root discussed in equation (45). A comparison of the 
results from equations (46) and {47) with those of other investiqa-
tions will be made 1n the next section. 
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IV. RESULTS AND DISCUSSION 
In this section, representative results are presented for the 
flat plate with an unheated leadinq length for a fluid with a Prandtl 
number less than 1, Curves are presented which show ~ versus x0tx, 
the dimensionless qroup Nux/Rex1' 2 versus x0tx and Nu/ReL112 versus 
x0/L for several Prandtl numbers. A graph for Nux/Rex1' 2 versus 
Prandtl number for the case of a flat plate with constant wall temper-
ature is also shown. Eckert's results (5) for both the unifonm wall 
temperature case for very low Prandtl numbers and the unheated lead-
ina length case for Prandtl numbers greater than 1 are included for 
comparison. The present results for a plate with an unheated leadino 
length are also compared with those of Rubesin (7) and Scesa and 
Levy (3). 
The parameter t • 6t/~ is related to x by equations (11) and 
(13). The detailed equations which yield ~ for the different cases 
can be obtained by substituting the proper ~{~) function into equation 
(11) or (13). After the proper~(~) is introduced, the numerical 
values for x can be obtained from equations (11) and (13), for oiven 
x0 and Prandtl number by the followino method. First, a value of~ is 
inserted in the proper equation and the correspondino value of x is 
calculated. The ranqe of~ 1n equation (11) for the cubic profile 
case is between zero and unity and the ranoe in eouation {13) for the 
linear profile case is between unity and 1/2+[(4-Pr)/(12Pr)J 112• For 
the cubic profile case, the ranoe in equation (13) is from unity to 
~2 • which is given in Figure 2 (paoe 18). 
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Figures 4, 5, 6, and 7 show the variation of t with x0tx. The 
case of Prandtl number of 0,7 is qiven so that the convective heat 
transfer coefficients from the present results can be compared with 
those of other workers. To include the ranqe of Prandtl numbers for 
liquid metals, which is approximately from 0,002 to 0.03, it is suit· 
able to have the convective heat transfer effect for Prandtl numbers 
down to 0,001. The dimensionless locations x0tx1 where the thick-
nesses of the boundary layers are e~ual are about 0.2, 0.865, 0.979 
and 0,994 for Prandtl numbers of, respectively, 0,7, 0.1, 0.01, and 
0.001, as shown in the fiqures. These x0tx1 values divide the reqion 
of interest into two parts, Note that the riqht-hand side to the l;ne 
x•x1 is region 2 and the left-hand side is reqion 3, 
For Prandtl number 0,7, region 2 may play an important role in 
the heat transfer of the plate since reqion 2 may occupy a consider-
able portion of the plate (from x0tx • 0.2 to 1.0), For Prandtl num-
bers between 0,001 and 0,01, it is possible that reaion 2 could be 
very small. Thus region 3 will dominate the heat transfer character-
istics for Prandtl numbers below 0,01 if the plate is sufficiently 
long. In this case, the accuracy of the results will not be affected 
if region 2 is neglected. From Fiqures 4, 5, 6, and 7, it can be seen 
that from x0tx • 1.0 to 0,65, t increases rapidly with x0tx and that 
the slope of this segment of the curve also chanoes rapidly. From 
x0tx • 0.65 to zero, the rate of increase of t becomes slower. The 
relation between t and x0tx is nearly linear when the value of x0tx is 
less than 0,65. Thus, for x0tx less than 0,65, the t curves can be 
extended and extrapolated to q1ve t values for x0tx equal to zero. 
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can be compared with those obtained from equations (44) and (45). 
The deviations between the two sets of values ~or t are always found 
to be less 2 per cent. 
The accuracy of the results as shown in Fiqure 4, 5, 6, and 7 
was verified by a direct numerical inteqratfon of equation (8) usinq 
Runqe-Kutta method. The results from the numerical inteqration are 
identical to those for Prandtl numbers of 0.7 and 0.1. Round-off 
errors in the numerical scheme prevented a direct comparison for 
Prandtl numbers of 0.01 and 0.001. 
In general, the deviation oft between the cubic and linear pro-
file case in reqion 2 is about 3 per cent based on the cubic profile 
case. In addition, since equation (11) as applied to the linear 
profile case is simpler than that aDplied to the cubic profile case, 
the former can be used in place of the latter in reqion 2 with oood 
approximation. In reqion 3, the difference between the two cases is 
larger than that in region 2. The maximum difference in re~ion 3 is 
about 5 per cent. 
Figures 8, 9, 10, and 11 give the local Nusselt number divided by 
the square root of the Reynolds number, Nux/Rex112, as a function of 
x0tx. The curves include the results of Eckert (5), Rubesin (7), and 
Scesa and levy (3) for a plate with an unheated lenqth, as well as the 
results for the cubic and linear profile cases deduced in this inves-
tigation. For Prandtl number equal to 0.7, Fiqure 8, Scesa and levy's 
results nearly coincide with those of the cubic profile case. The 
solution of Eckert gives Nu /Re l/2 results which are 5 per cent 
· X X 
higher than those of the cubic profile case. Both Robesin's solution 
and the linear profile case give results which are lower than those 
1.2~--~~--~----~----~----~----~----~----~----~--~ 
N 













































Scesa and levy (3) 
Linear Profile Case of the present work 
Cubic Profile Case of the present work 
\x•xl 
Dimensionless axial plate oosition, x0/x 






















































Rubesi n (7) 
Scesa and Levv (3) 
Linear Profile Case of the nresent work 
Cubic Prn~ile Case nf the Dresent work 
I 
I 
x•x I 1 
0.0~----~--~~----~----~----~----~----_.----~~~~-----J 0.2 0,4 0,6 0,8 1.0 
Dimensionless axial nlate pnsition, x0/x 

















Scesa and LeVY (3) 
Linear Profile Case of the present work 































0.2 0.4 0,6 0.8 1.0 
Dimensionless axial plate ~osition. x0/x 
FiQure 10: Variation of Nu /Re 112 with x0tx at Pr • 0.01 
- X X 
"" ~










































0.10 Scesa and levy (3} 
-----
linear Profile Case nf the present wnrk 
Cubic Profile Cftse of the oresent work 
o.oa 
0.06 
~ = 0,04 = ---- ----=-
____ -=----
l ~ 0.02 . - x•x1t· 
0 0 00 ' I I I ~ I I I I I ,i I ri ij R A P A A 4 
Dimensionless axial "lftte position, x0/x 
Fi"ure 11: Variation of Nu IRe 112 with x0tx at Pr • 0.001 X X 
~ 
39 
of the cubic profile case by 6 and 7 per cent, respectively, based on 
the cubic profile case. It is to be noted that the curves in Fiqure 
8 have almost the same slope. For Pr • 0.1, Fioure 91 the slooe of 
the curves for the cubic profile case 1n the present 1nvestfoation is 
in general different from that of the other solutions. The curve for 
the cubic profile case in Figure 9 crosses the curves of Eckert's, 
Scesa and Levy's, and Rubesin's solutions, ofving a maximum difference 
of 15, 10, and 10 per cent, respectively. Greater differences are 
observed for the Prandtl numbers of 0.01 and 0.001. Figures 10 and 
11 give the results for these two values of Pr. 
Figure 12 shows Nux/Rex 1' 2 as a function of Prandtl number for 
the case when x0tx approaches zero. The curve for the linear profile 
case is generated from equation (46) and the curve for the cubic pro-
file case is generated from equation (47). Figure 12 shows that 
Eckert's result for the case of a plate with constant wall tempera-
ture at very low Prandtl number agrees well with the solution obtained 
in the present investigation usinq the cubic profile. The curve for 
the linear profile case has an 8 per cent deviation compared with the 
cubic profile case. 
In Table III, the values of Nu /Re 1' 2 from the present analysis X X 
are compared with those of the exact solution of Fisher and Kundsen 
(2) from the enerqv boundary layer equation for the flat plate at zero 
angle of incidence with constant wall temperature. The cubic profile 
case, equation (47), and linear profile case, equation (46), are 
employed to yield the values of Nux/Rex1' 2 for Prandtl numbers 0.1, 
0.01, and 0.001. The cubic profile case has an error of about 4 per 
N 
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Comparison of Nux/Rex1' 2 for the Cubic and linear Profile 
Cases with the Exact Solution when x0•o 
Pr Exact Cubic linear % Error for % Error for 
Cubic Profile linear Prof11 e 
0.1 0.14 0.136 0.12 2.8 14.3 
o.o1 0.0516 0.0494 0.0461 4.2 10.7 
0.001 0.0173 0.0165 0.0154 4.6 11 
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cent. while the linear profile case has an error of about 13 per cent 
when compared to the exact solution. 
In Figures 13, 14 1 15 1 and 16 are shown the variation of the 
average Nusselt number divided by the square root of the Reynolds 
number versus x0/L for Pr • 0.7, 0.1. 0.01. and 0.001. respectively. 
Those curves are based on the results obtained by equations (33) 1 {37) 1 
(39). and (40). The accuracy of the numerical results depends on the 
step size used in the inte~ration. Use of a smaller step size qives 
rise to a better accuracy in the results. It was ~ound that 30 to 60 
steps gave sufficiently accurate results. 
In reqion 2, the difference between the Nu/Rel112 results for the 
two profile cases are usually less than 3 per cent. In reginn 3, the 
differences between the two profile cases are about 8 to 10 per cent 
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This investigation considers the laminar convective heat transfer 
from a flat plate to a constant property f1 uid. It is postulated that 
the fluid has a Prandtl number less than one and that the plate has an 
unheated leading edqe of length x0• Several formulations are avail-
able for Prandtl numbers qreater than one for this problem. Results 
are also available for ver,y low Prandtl numbers for the special case 
of x0•o. This work closes the gap between the two extremes. The 
energy integral equation is employed in the solution. 
Three regions of interest are formed as the fluid flows over the 
plate. The first region is the unheated leadino edqe which has a tem-
perature equal to the fluid temperature. In the second reqion, the 
thermal boundary layer thickness ~t is less than the momentum boundary 
layer thickness ~. In the third reoion, the opposite is true. The 
integration of the enerqy equation in the reoion 3 was divided into 
two parts. The linear profile case employs a linear polynomial for 
both the velocity and temperature profiles while the cubic profile case 
employs a cubic polynomial for both profiles. The solutions of the 
ordinary differential equation are simpler for the linear profile case 
than for the cubic profile case. However, the accuracy of the cubic 
profile case is better than the linear profile case by 5 per cent in 
general. 
The cubic profile case of this investigation provides heat trans-
fer results which are in a qood aqreement with those results of pre-
vious investigators for the special case of x0•0. The results also 
agree with those for the case with an unheated lenqth and with a 
48 
Prandtl number of about one. From these comparisons, the accuracy of 
the cubic profile case of the present study is stron~ly supported. In 
addition, it was concluded that the simpler solution for the linear 
profile case will meet the need of many engineerino applications, 
especially in the region in which the thermal boundary layer is thin-
ner than the flow boundary layer. 
The results show that significant errors may result i~ previous 
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The Determination of h2 and x1 
The substitution of equation (29) into eauation {30) results in 




I II (A-2) 
can be evaluated as follows. The square root may be eliminated by 
lettinq x equal to M4• Let x0 correspond to M04 and L correspond to 
ML4• Insertina the new parameters into equation (A-2) and rear-
ranqinq, one has 
• 
The integration of equation (A-3) may be easily performed, aivina 
M 
I • (4/3)(M3-M03)2/31 L • 
Mo 
Replacing ML' M0 by L1/ 4 and x0114, respectively, aives 
I • (4/3)L112£1-(x /L) 314 J213 • 0 
Substitutinq equation (A-5) into equation (A-1) results in 
n2 • 0.577(u00L/V) 112k Pr11 3(L-x0)-1U-(xo'L) 314J2!3, 




For the linear profile case, by introduction of equation (17) 
into equation (12), the location x1 can be obtain 
x1 • x0/(1-Pr)4/ 3 • 
51 
In the cubic profile case, insert1no equation (23) into equation 
(12), q1ves the same result as for the linear profile case. 
52 
VIII. VITA 
The author, Shiny Tina, was born on July 13, 1946, in Shana-Hai, 
China. 
After he 9raduated from Taiwan Normal University Subordinate 
Middle School in Taipei, Taiwan, Republic of China, he entered the 
Taiwan Provincial Chena-Kunq University in 1964 and received the 
dearee of Bachelor of Science in Mechanical En~ineerinn in 1968. He 
served one year in the Chinese Army after ~raduation. 
In January 1970, he enrolled at the University of Missouri-Rolla 
as a graduate student in Mechanical Enoineerino Denartment and benan 
to work for his Master of Science dearee. 
